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Abstract — Unlike black surfaces, calculation of radiation exchange for grey-diffuse surfaces is
generally considered too complex. This is because a grey surface is not a perfect absorber as for a
black surface. As radiation leaves a surface, it travels to the other surfaces whereby it is absorbed
partially and is then reflected many times in between with partial absorption at each contact with a
surface. Therefore, a proper analysis of the problem must take into account of these multiple
reflections. The existing methods of analysis can be classified into two categories; those which do not
take into account of the multiple reflections for more than two surfaces, and those which account for
these multiple reflections but they are only applicable for enclosures and are not fully reliable in
implementation. This first part of the paper presents a method of analysis for the exact calculation of
radiant heat transfer between two grey-diffuse surfaces due to the interaction of up to four surfaces
whereby multiple reflections of radiation are accounted for. This is based upon two concepts; the
arborescent diagrams and the infinite series algebra. Complementary work for the understanding of
this part is presented in the second part of the paper.

Résumé — Contrairement aux surfaces noires, le calcul d'échange radiatif pour des surfaces grises et
diffuses est considéré généralement trop complexe. C'est parce qu'une surface grise n'est pas un
absorbeur parfait comme pour le cas d’une surface noire. Quand une radiation quitte une surface,
elle voyage aux autres surfaces par lesquelles elle est absorbée partialement et est renvoyée plusieurs
fois entre ces surfaces avec absorption partielle a chaque contact. Par conséquent, une analyse
adéquate du probléme doit prendre en considération de ces réflexions multiples. Les méthodes
existantes d'analyse peuvent étre classées dans deux catégories; ce qui ne prennent pas en
considération des réflexions multiples pour plus de deux surfaces, et ce qui compte pour ces
réflexions multiples mais ils sont seulement applicables pour les volumes fermés et ne sont pas
completement fiable dans ses mise en oeuvre. Cet article présente une méthode d'analyse pour le
calcul exact de transfert de la chaleur radiante entre deux surfaces grises et diffuses dii a l'interaction
de jusqu'a quatre surfaces par lequel les réflexions multiples de radiation sont tenues en comptes.
Cela est basé sur deux concepts; les diagrammes arborescents et l'algebre des séries infinies. Pour la
compréhension de cette partie, un travail complémentaire est présenté dans la deuxiéme partie de
larticle.

Key words: Multiple reflections of radiation — Radiant heat transfer — Grey-diffuse surfaces — Low
emissivity — Arborescent diagrams — infinite series — Four planar surfaces interaction.

1. INTRODUCTION

Calculation of radiant heat exchange for grey surfaces, especially when emissivities are low, is
a complicated problem. As radiation leaves a surface, it travels to the other surfaces whereby it is
absorbed partially and is then reflected many times within the enclosure with partial absorption at
each contact with a surface. If the enclosed surfaces are open to external environment, part of
these radiations will be reflected out of the system entirely. The process of reflection and
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absorption continue until all radiation is fully absorbed by surfaces. Neglecting these multiple
reflections will cause significant errors in the calculation of radiant heat exchange.
Several methods of analysis for radiant heat exchange between surfaces of an enclosure have
been found in the literature [1, 2, 3, 4]. The most important ones are; the configuration factor
method introduced by Hottel [1, 2] and the network method introduced by Oppenheim [3]. Both
methods are basically equivalent for simple problems which do not involve many surfaces.
However, The network method of Oppenheim is more developed and convenient for problems
which involve many surfaces. For more detailed information about the network method see
references [5, 6, 7].

In building energy applications, the estimation of radiation heat transfer between two grey
surfaces, of areas A; and A,, emissivities g and 2y maintained at absolute temperatures T; and

T,, is generally made by the following equation:

Qa1 2 o-.Al.(Tl - T) j.clz (D

This can be easily linearised, to be used in conjunction with other mode of heat transfer such as
convection and conduction, into the following form:

Q1o 2 “h AT (2

Ciis a dimensionless effective configuration factor for grey surfaces, first introduced by Hottel
[1] which depends upon the emissivity of each surface and the geometrical configuration of the
surfaces specified by the configuration factor for black surfaces F 5.
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For the calculation of F); see references [2,5,8 and 9]. The weakness of this equation is that it
neglects the effect of multiple reflections of radiation between surfaces other than surface 1 and 2
which in fact will led to significant errors in the calculations. Crabol [4] has also derived an
equation where he accounted for multiple reflections but for radiation exchange between two
finite planar grey-surfaces.
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To overcome the problem of the effect of all surfaces of an enclosure, the network method or
"the radiosity matrix method" (N.W.M) treats the problem of radiation exchange differently for
which it introduces the concepts of radiosity, surface and space resistance to radiation. These are
the basis to the construction of an equivalent network to represent the interaction of surfaces in
question. The radiosity is the sum of the energy emitted and the energy reflected when no energy
is transmitted. For more details of the method see also references [4, 6, 7 and 10].

For an enclosure consisting of several surfaces or "zones" with prescribed temperatures T; for

each surface (i=1, 2, .... N), of areas A; and emissivities & the radiation heat transfer from any

one of them can be calculated by the solution of an algebraic matrix equation for the unknown

radiosities J; which can be formulated from the following expression:
l1-¢. N
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Equation (5) can be written for each of the N surfaces of the enclosure giving N equations for N
unknowns. This can be, for convenience, expressed in matrix form as:

][5 [k ©
Where |:J:| is the radiosity vector, [G'Ti4J is the surface input vector and [ M.} is the N x N
i ij
coefficient matrix;
y zaij—(l—gi)Fij (7)

a.=1fori=j, a..=0 for 1 #j
ij ij
Once the radiosity of each surface is obtained from the solution of the resulting matrix d; which

is in fact, the net rate of heat loss or gain per unit area at surface, i, due to all surface interactions
is calculated from the following equation:

=9/ = 4 4 8
% /Al {entoy) ®
1

Equations (5) and (8) from the network method are restricted only for surfaces with emissivities

gi# 0 and & # 1. That is the reason why, the network method change the approach of
formulation of the problem when surface emissivities & = 0 and & = 1 are involved. For a re-

radiating surface, that is when (3i = 1), the net heat flux q; on that surface is zero and thus

o T4=7. . This approach considers an enclosure where temperatures Tiare prescribed for some of
1 1

the surfaces (i=1, 2, ...., k), and the net heat fluxes q for the remaining surfaces (i = k+1, k+2,
...., N) the N equations for determination of N unknown radiosities Ji (i =1,2,...., N) are
obtained as follows:

For surfaces i =1, 2, ...., k with prescribed surface temperatures we use equation (5).

For surfaces or "zones" 1 = k+1, k+2, ...., N with prescribed net heat fluxes, we use the

following equation:
N

W )
Equation (5) and (9) can for computational purposes be written in matrix form as shown in (6).
Where fori =1, 2, ...., k, Mij is given by equation (7). For i =k+1, k+2, ...., N:

M= a—F; (10)
Fori=j, a..=1 and fori#j, a..=0

J 1
Although the network method does solve the problem of the effect of several surfaces in the
calculation of radiation heat transfer, it has obvious limitatinons in that;
e it is valid only for surfaces forming an enclosure where (Fj; + Fiz +.... =1),

e it requires computer implementation and matrix knowledge for the solution of the system
of equations,
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e the method, however, calculates the net radiation loss or gain at each surface resulted
from the interaction of the surrounding surfaces and will not directly give net radiation
exchange between each two surfaces as does equation (1) from which an effective
radiation coefficient can be calculated. In other words, the network method will not allow
linearisation of radiative heat transfer to be used with other modes of heat transfer.

The present paper attempts to establish an analytical method for the calculation of radiant heat
transfer between two grey-diffuse surfaces due to the interaction of up to four surfaces. The
analysis is called Infinite Reflection Method or “I.R.M”. The strategy of the method is based
upon two fundamental concepts; the arborescent diagrams and the infinite series algebra which
greatly facilitate the analysis. In order to reduce the length of the paper, it was divided into two
parts. The first part treats theoretical foundations of the method. The second part presents the
diagrams and the derivation of coefficients and factors.

2. ANALYSIS OF RADIATION BY INFINITE REFLECTIONS METHOD

In order to simplify the analysis, it is reasonably acceptable to assume that:
All surfaces are grey : the emissivity, absorptivity and reflectivity are independent of
wavelength but they depend on surface temperature. Under the grey body assumption, that is,

£, =6 constant, the absoptivity and emissivity can be related by Kirchhoff law as: ¢ = «

All surfaces are diffuse in emission and reflection, for which the emissivity and the

absorptivity are independent of the direction, that is, (¢ p=¢ and €9 4 = g/l) and (¢ )= and

@, =a, ). The intensity of radiation leaving a diffuse surface is uniform in all directions.

So that, geometric configuration factors derived for black surfaces can also be used for grey-
diffuse surfaces [9].
The temperature is uniform over each surface (each surface is assumed to be at its mean

temperature)

The incident and the reflected energy flux is uniform over each surface

No interference of external radiation

To illustrate the method of approach for calculating radiation heat transfer between grey-
diffuse surfaces, we first derive an expression for the rate of radiation heat transfer between two
surfaces in a three surface enclosure.

2.1. Radiation exchange between two planar surfaces due to three-surface interaction:
Consider three opaque grey-diffuse planar surfaces 1, 2 and 3 that the end effects are negligible
(figure 1) . Surface 1 of area A; and emissivity €, is maintained at absolute temperature T;.
Surface 2 of area A, and emissivity &, is maintained at absolute temperature T,. Surface 3 has an
emissivity €3. So that the radiant heat exchange between surface 1 and 2 with the interaction of a
third surface can be exactly calculated. Figure 1 is a schematic diagram which shows the general
mecanism and type of radiation exchange between the three surfaces, used in the analysis.
Surface 1 emit radiation Q. 2 to surface 1, Q.13 to surface 2 and reflects Q. 1> to surface 2 and
Q.13 to surface 3. It also absorbes a portion Q,;. A portion of emitted and reflected radiation
Q1.0s can get out of the system entirely if the surfaces do not form a perfect enclosure.
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Fig. 1: Sketch for radiation exchange between Fig. 2: Complete arborescent diagram for

two surfaces due to three-surface interaction radiation exchanges between three surfaces.

Surface 2 reflects Q;2; to surface 1 and Q23 to surface 3 and absorbes a portion Qu». A
portion of reflected radiation Q2 os can get out of the system entirely if the surfaces do not form a
perfect enclosure. Surface 3 reflects Q31 to surface 1 and Q.3 to surface 2 and absorbs a
portion Q,3. A portion of reflected radiation Q;os can get out of the system entirely if the
surfaces do not form a perfect enclosure. If we follow the beams of radiation as they undergo the
process of inter-reflection and absorption we will see that the radiant energy emitted by surface 1
that arrives at surface 2 will be reflected back and forth between the three surfaces several times
with partial absorption at each contact with a surface.

Figure 2 is a complete arborescent diagram which shows the path that is followed by the
radiation as it leaves surface 1. Each surface is represented by a numbered nod. Each nod in the
diagram is divided into three branches (or arrows). The first two arrows in the diagram
correspond to the emitted radiation from surface 1. The rest of arrows correspond to reflected
radiation (see legend).

LEGEND

[ 1 Origine of Radiation
— Emitted Radiation
. — Reflected Radiation
ASOUI And So On Until Infinity
Absorbed Radiation

Cumulated Absorbed Radiation

The radiant flux emitted by surface 1 is given by:
Q1 :gl.a.Al.Tl4 (11)
With reference to figure 3, the fraction of radiation leaving surface 1 which arrives at surface 2
before it is reflected back from surface 2 is :
Q,~ Q [, +X,+X,) (12)
If we write equation (12) as:
Q=) (13)
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therefore:
= + x + 14
=y 7 XX, (14)
(2) 2 ) ©)
1} >3 >1 3 > 1 — asou
Fig. 3: Basic arborescent diagram for the fraction of radiation emitted by surface 1
that arrives at surface 2, used to derive fl factor for a three surface enclosure.
where,

Q. is the fraction of radiation leaving surface 1 which arrives at surface 2 directly whose path

is (1-2).
QX is the total radiation that leaves surface 1 to surface 3 and undergo the process of inter-

reflection between them before it arrives at surface 2 at each time following the paths (1 —-3—2,
1-3—1-3-2, 1 53—1—-3—1—-3—-2, and so on until infinity). Hence;

= + + + o 15
Ql'Xl Q132 Q13132 Q131313132 Q1313131313132 (15)

X, :Fl3.F32(1 - 53)+F123.F31.F32.(1 —ngl— ,93)2 + F133.F321.F32.(1— 81)2(1— 83}‘ T (16)

Equation (16) is a geometric series with common ratio CR,= (1_81)(1_53) whose sum to

Fl 3'F3 1
infinity is:
x =1=a)Rs (17)

l—CR1

Q X, is the total radiation that leaves surface 1 and follow the following paths (1—-3—1-2,
1—3—1—-3—1—-2, ...and so on until infinity). Hence;

= + + +. 18
Q%7312 Q332 Az (18)

- Y 2 2 B (_ )2 3.3 B B )3 19
X2 F13.F31.F12(1 81X1 53)+F13.F31F12(1 51)21 53 +F13.F31F12(1 51)3(1 53 +......00 ( )

Equation (19) is a geometric series (or geometric progression) with common ratio equals to CR1 ,
whose sum to infinity is:

X.= - Ji-eyJF 3 (20)
2 1-CR,

where ‘CRI‘ <0
Substituting x; and x; by their values from equations (17) and (20) we can write:

x1+X2:F13'(1_83)lF32+(1‘81)F31'F12J (21)

I—CR1

With reference to figure 4, the fraction of radiation reflected from surface 2 back to surface 1 is:




Infinite Reflections Method for Calculation of Radiation Exchange ... 59

Q21=Q12(F21+Y1+Y2)(1—52) (22)

@ >3 / 2 / 3 / 2 — asou

Fig. 4: Basic arborescent diagram for the fraction of radiation reflected from surface 2
that arrives at surface 1, used to derive f, factor for a three surface enclosure.

2
Equation (22) can be written as follows:
Qy, =Q,f,l1-2)) (23)
From where:
£ =F TY 7Ty (24)

2 21 1 2
where, ¢ _F .(1_5 ) is the fraction of radiation that is reflected from surface 2 and arrives at
12721 2

surface 1 directly whose path is (2—1). Qp, Y, is the total radiation that leaves surface 2 to

surface 3 and undergo the process of inter-reflection between them before it arrives at surface 1

at each time following the paths (2—3—1, 2—3—-52—-3—-1, 2—53-52—-3-52-3—->1, ...—>©).
Hence;

=o.. + + + + 2

Qo1 Q31 D331 32323231 2323232323231 25)

2 e Py ep 2
v, = F23F31(1 3) F23F32F31(1 gy l-2, F + B3y B, F 31(1 52)21 gy f 4o (26)

Equation (26) is a geometric series with common ratio CRZZU—E whose sum to

LR D
infinity is:
v, = I—23 )Py sy (27)
l—CR2
Q,Y, is the total radiation that is reflected by surface 2 to surface 3 and returns back to surface 2

before it arrives at surface 1 at each time (2—3—2—1, 2—53—2—3—2—1, and so on until
infinity). Hence;

= + + + 28
QoY Q3n1 D331 3232321 (28)

— 2 2 _ 29
Y, TF) By, F21(1 ¢ X1 ¢ ) Fyy Py F 21(1 52P(1 6‘3)2 T (29)

Equation (29) is a geometric series with common ratio is equal to CR ’ whose sum to infinity is:
Y,= (1 ) )(1 N 53)F23 B (30)

1-CR
2
where ‘CRZ‘ < 0. Substituting Y, and Y, by their values from equations (27) and (30), then we

can write:

Y1+Y2=F23‘(1 &3 lFyy + -2 By, By | (31)

1—CR2
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The fraction of radiation first reflected from 1 back to 2 is:

Qa2 = Qzl'fl'(l_gl) (32)
using equation (23) and (13) into (32) yields:

031, =0 25,15 1-2y) (33)
The radiant flux intercepted due to infinite reflections between 1 and 2, (1-2—1—-2 ...—> o).
is:

= 2 3.2

Qyiy Ql.[fl =g fi-e, J+ £3.620- 5 Pli-e, P +....oo} (34)

And therefore Q1 ,+ Q1 212, oo 1S @ progression of common ratio CR, = (1 -2 )(1 - gz)fl,fz, thus:
= Qf (35)
Q212 I-CR,

with reference to figure 5 the total radiation that follows the path (1—»2—»3—»2—»3—»2 ... )
25 330" Q123232...oo * Q12123232 o Q1212123232 oo T

which can be written as:

2915 3032 :[ o H(l_gz)(l_g3) 23 32} Af g (37)

— _ 3
1 CR3 1 CR2 1- CR3

@ >3 =6) >3 S2)— s
Fig. 5: Basic arborescent diagram for the fraction of radiation reflected
from surface that arrives at another surface and back to itself,
used to derive f3 factor for a three surface enclosure.
The total radiation absorbed by surface A2 due to emission of surface Al with the presence of
surface A3 is:

= = Q 'fl
Q?3»)1 -2 52[Q12 Q10 0 F ZQlZ...3232...ooJ & [1 - ICR ] ety (38)
3
If we let £ /_ Kl/ 3 \23‘F32 and substitute ¢ _by its value from equation (10) then equation
1=l-e i-egJey :
(38) becomes: ( )
fill+f
Q= apeyoa ] il } (39)
312 1-[-¢ -, )t £,

The net radiation exchange between the two surfaces can be determined as follows:
If we let

B=_ fO{+f) (40)
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then, the total flux absorbed by surface 2 due to emission at Al after the inclusion of all
reflections can be written as:

= 4
Q?3)1 L, 560 A T'B (41)

By interchanging subscripts 1 and 2, the flux absorbed by surface A1 due to emission at A2 is:

= 4
Q?S)Z 14 82.6.A2.T2 C (42)

where C=__, fz'(1/+ f3j and ¢ _ (1_81)Q783)133'F31
1=lt-¢ -5, )11, 31-l-g - R 1 Ey,
The net flux exchange between Al and A2 is:

=02 - 04 43
Upio2z Wio2 Wpost (43)
but since ¢ must be zero when T, = T, , therefore:
B3Nl 2 1 2
ABTA,C (44)
Hence for three surfaces interaction:
— 4 4
U3yt r2 81.82.0.A1.(T1 -T) j .B (45)

In general for a number of surfaces (n > 2 ), and by substituting B by its value from equation
(40) we can write:

T &.6,.0.A .(T4—T4j .[l—/ fl'{l+f3)\ ] (46)

Q
12 1'"2 11 2
1 e (1—51)(1—52)f1.f2
For three surface enclosure n=3. The factors f1 , f2 and f3 depend on the number of interacting
surfaces. The advantage of this equation is that the factors are only calculated once and allow for
the linearization of the equation for direct use. In building energy applications, radiation heat
transfer is often associated with other modes of heat transfer such as convection and conduction
which are expressed in terms of simple linearised form. Accordingly, radiation heat transfer has
to be linearised. The linearization requires to operate in terms of radiation coefﬁcienthr. This

usually made by multiplying a linearised radiative heat transfer coefficient 0 by the
r

temperature difference between surfaces (T -T ) Hence;

1 2
= B = 4 4\ B 47
Qayter2” Mera AT =) gl.gz.o-.Al.(Tl sz (47)
4 -4
_ 6‘1.6‘2.0'. T1 —T2 B _ 5 5 5 5
b, (T(_T ) ) 51.52.0.(T1 +T2).(Tl +T2).B (48)
172
and since = therefore; A
‘Q(n)mz‘ ‘Q(n)zm‘ Mot =5 Mo

2
2.2. Radiation exchange between two planar surfaces due to two-surface interaction:
By neglecting the reflection of radiation from the third surface that is |- £y=0 which led

to f,=F Ey and f;=0 50 that equation (46) simplifies to Crabol equation (4).

)
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2.3 Radiation exchange between two planar surfaces due to four-surface interaction:

The method of analysis outlined in section 2.1 can be extended to establish relationships to
calculate radiation heat exchange between two surfaces in an enclosure containing four
interacting surfaces. Equation (46) can be used for the calculation of radiant heat exchange

between two surfaces of an enclosure consisting of four surfaces. However, the factors f1 , f2

and f3 has to be derived for this case. Figure 6 is a schematic diagram which shows the general

mechanism and type of radiation exchange between the four surfaces, used in the analysis.
Figure 7 is the complete arborescent diagram for radiation interchange corresponding to figure 6.

Fig. 6: Sketch for radiation exchange between Fig. 7: Complete arborescent diagram for
two surfaces due to four-surfaces radiation exchanges between four
interaction surfaces.

Diagrams 1, 2 and 3 in Appendix 1 in the second part of this paper are basic arborescent

diagrams used to derive the factors f1 , f2 and f3. A more detailed and developed diagram

corresponding to diagram 1 is presented by diagram 4. Developed diagrams can similarly be
established for other cases.

With reference to diagram lin appendix 1 and by making use of equations (c56) and (c¢57) from
appendix 4, we can write:

4 R, +R +T, +T
fi=F,T v L Ix +x +X,+X,+-0_ 0 070 (49)
jo3l-CRIT 72 73 4 1-CRy

Where, for j =3, k=4, and for j =4, k =3 and for the derivation of the values of X;» Xy» X35

X 5 R.» R , TO TO’ CR and CR, see appendix 2 and 4. Hence;

_(1_51)(1_8jj2,(1_8k)F1 Fkal[F2+(l g)Fl 12}[}: +(1 )Flk.FkJ (50)

oo [1—CR fi—cr J

R = - 51)( )( L ik fa (51)

0 ll_CR4“1_CR5F
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where v, = [Fk2 + (1 —, )Fkl.Fl 2][ij + (1 —e, )Fjl.Flk}.[Flj + (1 - gj)Flk.FkJ}

.= (1 | )(1 € j)'(l - gk)Fl it rl[sz * (fr‘ & )Fkl;Flz][Flk * (1 - ngFlj'ij} (52)

[-CR, Ji-CR]

2
T' :(1_81)(1_gj) .(l—gk)Flj.Fjl.V2 (53)
0 i-cr, Pli-cr |
where v, - [sz o —gl)Fjl.Fu}[ij ii- gl)Flj.FkJ.[Flk +(1 —gijlj.ij}

With reference to diagram 2 and by making use of equations (c58) and (c59) from appendix 4, we
can write:

4 0,+0.+G, +G
£=F " 5 1(Y+Y+Y+Y+O 00 OJ (54)

s 1723y 3
i231-CR 1-CR,

Where, for j=3, k=4, and for j =4, k=3 and for the derivation of the values of Y Y, Y Y,

04>0q > Gy> G'() and CR, See appendix 3.
2
OO: (l ) )(l - SJ) .(l & )sz.ij.rFk2|:Fjl1+r— (1 —&, )1Fj2'F21:|'|:F2j + (l - gijZk'ij} (55)
I-CRfi-CR|
2
O'OZ (1 —& )(1 - gj) .(1 - ngFZj'ij'FkZ .V3 (5 6)

ll - CR7“1 - CRSF

WSS [ S O (I

_ (1 - 32 )(1 - gj).(l - sk )FZj'Fj% [Fkl + (1"— 32 )Fk2_l'F2l][F2k + (1 - gijZj'ij} (57)
0 [ -CrR_fli-CRg|
2
G' z(l—gz)(l—gj) .(l—sk)sz.sz.V4 (58)

i~k Pi-cr,

R [ T (R I PR (N
With reference to diagram 3 and appendix 4 we can get:

jo3l-CR| 1 2 1-CR,,
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Where, for j=3, k=4, and for j =4, k =3 and for the derivation of the values of Z 22 , M0

My Py By and CR, 0 (see appendix 4).

2
_ (i- 82)2.(1 - gjj (- 2 )sz Fig FeaFiy [sz +i- & )FZk.FkJ (60)
0 i—cr }[1 CR8J

M,z(l_gz)Z( j e Py By - o ey R [ Py -0, By | 61)

° —cri-cr P
) z(l—gz)z(l—gj)(l k)F F42 sz[ o +(1—gij2j.ij} 62)
0 [1 CR Jli- CR8J
P(,) _ (1 ¢, )2(1 - gj)z (1 & )F F2 [ij + (1 € )sz.sz}[FZk + (1 - gijzj.ij} 63)

I-cn Ph-cn ]

3. DISCUSSION OF THE RESULTS
The network method calculates the total heat loss or gain per unit area, q; at any surface due
to the presence of other surfaces. Whereas, the infinite reflections method calculates heat

exchange between two surfaces q ()] < 2 due to the presence of other surfaces. So that and in

order to be able to do comparison between the two methods of calculation, equation (8) and (46)
has to be rearranged in the following way :

Y7912 Ymyrest
q2=q(n)2 o 1+q(n)2 3 e

Y™ 9mp o1 dnpor
qpsdy» s and q, are heat loss or gain at surfaces 1, 2, ...., and n.
For the simplification of the comparison and the validation, we have selected the following cases:

3.1. Three surface interaction:
Consider three opaque grey-diffuse planar surfaces 1, 2 and 3 forming:

e an equilateral triangle shaped enclosure with equal areas ATAL= Ay (figure 8a)

e aright-angle-triangle-shaped enclosure with different surface areas A FA,EA 3 (figure

8b) which are sufficiently long so that the end effects are negligible (figures 8c).
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e The surfaces are opaque, grey and diffuse. Their emissivities are respectively; &= 0.1,
£y~ 0.3, &3= 0.5 and are maintained at temperatures T1 =300 K, T2= 283 K, T3 =318 K

respectively.

—
Infinite Length

©)

Fig. 8: A three surface enclosure infinitely long: Plane view of a right angle triangle shaped
enclosure, (b) Plane view of an equilateral triangle shaped enclosure , (¢)Volumetric view

For equilateral triangle enclosure with end effect negligible, F =5 TF37F T, TF) = 0.5.

For a right-angle-triangle enclosure F12, F21, F13, F31, F32 and F23 are different and their
values depend upon the areas Al’ Ay and A, forming the enclosure. For planar surfaces

3
F17F)p=F3=0

In this study we have chosen the following values: A1 =31, A2= 4L, A,=5L, whereL is

3
the common length of the enclosure which is assumed long enough that the length of each side of
the right angle triangle is negligible. Consequently the values of the configuration factors are;
F12= 1/3, F13= 2/3, F21= 1/4 , F23 = 3/4, F31= 2/5, F32 = 3/5. According to the N.W.M the net

radiation heat fluxes per unit area ql.(i =1, 2 and 3) for each of the three surfaces is calculated

from the governing matrix equation for the radiosities is written from equation (6). Substituting
the numerical values into the matrix equation, and solving for J 1 J ) and J 3 Equation (8) is

now used to determine the net radiation heat fluxes: q1=1 | (G.T14 _ Jl)’ q2=1 ) (
—-& — &
1 2

4
0'.T2 —sz

and q,= 1 _535 (o-.T34 —J3)
3

For an equilateral triangle shaped enclosure, the results are presented in table 1.

Table 1: Comparison of ¢ (Wm'z) values calculated by the I.LR.M and the N.W.M for an
equilateral shaped enclosure.

q(Wm™) N.W.M LRM
Q -4.0 -4.0
Q@ -44.9 -44.9
QG 48.9 48.9
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For a right-angle triangle shaped enclosure, the results are presented in Table 2. It is clear
from both tables that both .LR.M and N.W.M agree well.

Table 2: Comparison of q (Wm™) values calculated by the LR.M and the N.W.M for a right-

angle-triangle-shaped enclosure.

q(Wm”) N.W.M LRM
a -5.84 -5.84
© -49.96 249,96
© 43.47 43.47

If we reduce considerably the emissivity values to become 67 6,7 &7 0.001 we will also

get, for the case of a right-angle triangle shaped enclosure, agreement in the results of both
methods as can be seen Table 3.

Table 3: Comparison of q (Wm™) values calculated by the I.R.M and the N.W.M for a right-

angle-triangle-shaped enclosure with ET €57 &7 0.001.
q(Wm’) N.W.M LR.M
q -0.018 -0.018
92 -0.114 -0.114
® 0.102 0.102

But if one of the surfaces of the enclosure (here is selected an equilateral triangle shaped as
example) has emissivity equal to one or to zero then the results will relatively disagree when
calculating as shown in Tables 4 and 5. This disagreement comes from the fact that N.W.M has

some limitations when the emissivity equals unity or zero.

Table 4: Comparison of q (Wm™) values calculated by the .R.M and the N.W.M for
an equilateral shaped enclosure with ¢, = 1.

3
q(wm'z) N.W.M ILRM
qQ -7.956 -7.956
Q@ -57.498 -57.498
o Undetermined 65.454

3.2. Four surfaces interaction:

For more validation of the .LR.M, we have selected this time a rectangular-shaped enclosure
(see figure 9). The enclosures are sufficiently long in the direction perpendicular to the planes of
the figures so that the end effect can be neglected. The surfaces are opaque, grey and diffuse.

Their emissivities are respectively; & =

0.1, e,= 0.2, &3

2

=0.3, ¢ 4 =0.5 and are maintained at

temperatures T1 =300 K, T2 =283 K, T,=318 K and T3 =290K respectively.
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Table 5: Comparison of q (Wm™) values calculated by the I.R.M and the N.W.M for an

equilateral shaped enclosure with ¢, =0.

3
q(Wm™) N.W.M LR.M
qQ Undetermined 7.546
Q@ Undetermined -7.546
o Undetermined 0
£
.,;'.*gJ
£
: §

@)

(®)
Fig. 9 : A Four surface enclosure infinitely long: (a) Plane view of a
square-shaped enclosure, (b) Volumetric view

For a rectangular-shaped enclosure of dimensions (3 x 6 x L) with A1 =A,=3xL, A=A =

2 3 °4
6 x L the appropriate configuration factors are; F,= F21=0.2361, F3=F4=E3=F,= 0.3819,

F31=F32=F41=F42= 0.1909, F34=F43= 0.6180.

It can be seen from Table 6 that N.W.M agrees well with .LR.M method for a rectangular duct.
This confirms even more the validity of .LR.M as an exact method of calculation.

Table 6: Comparison of q(Wm™) (values calculated by LR.M and the N.W.M for a
rectangular-shaped enclosure.

q(Wm™) N.WM LRM
@ 0.62 0.62
Q@ -18.62 -18.62
QG 42.32 42.32
qa -33.31 -33.31

3.3. Two surface interaction
If we cconsider two finite surfaces 1 and 2 of areas Ajand A, where A= A2 as shown in figure
2

10. Surface 1 has emissivity 2k 0.1 and is maintained at temperature T; = 300 K. Surface 2 has

emissivity ¢,= 0.3 and is maintained at temperature T,= 283 K. For a configuration factor

2
F1,=0.2 then F,;= 0.1. The use of I[.R.M analysis suggests that equation (46) simplifies into
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equation (4) and can be used for the calculation. Equations (46), (8) and (1) are used for the
comparison. Calculated values are presented in Table 7.

Lo o=
1 =2
O—(% < > F
<, e, 12> T Q>
<y LOS

Fig. 10: Sketch for radiation exchange between two surfaces due to
two-surface interaction

Table 7: Comparison of q;= 5 (Wm™) values calculated by I.R.M and other methods for

1216
two surfaces with 81 =0.1 and 52= 0.3.
IL.RM
o W.M Hottel's F 1
and Crabol Formula N.W ottel's Formula
F12:2 F21:0.2 058 4365 630
Fi,=2 Fy=1 7.75 7.75 7.75

It can be noticed from Table 7 that for view factors different from 1, I.LR.M and Crabol
formula agree well, whereas they disagree with both the N.-W.M and Hottel's formula . The
disagreement is a logical consequence of the fact that N.W.M and Hottel's formula are derived on
the assumption that the surfaces form an enclosure, such as two infinitely large parallel plates,
two coaxial long cylinders, or two concentric spheres, and that all radiation will be exchanged
between the two surfaces and nothing else. Whereas in reality, the surfaces may not form an
enclosure and thus some of the radiation will be transferred out of the system entirely. That is the
reason why [.LR.M gives less values than those produced by N.W.M and Hottel's equations. This
is confirmed, however, by the fact that if we assume a two-surface enclosure that is when F;,=2
F,1=1, LR.M will in fact agree with N.W.M and Hottel's as you can see from the same table. If

both surfaces have been given 2k 52=1, thus (1 — gl) and (1 - 82) in equation (1) and (4) will

be zero and thus we observe no difference in the results between 1.R.M, Hottel and Crabol.
Whereas the N.W.M will fail to produce a real value (see Table 8). The undetermined value

resulted from N.W.M is due to the problem of denominator which contains (1_ gl) or (1_ 52) =0

(see equation (8)).

Table 8: Comparison of q;= 5 (Wm™) values calculated by I.R.M and other

921
methods For two surfaces with Fi,=2 F»;=0.2.

Emissivities I.R.M and Crabol formula N.W.M Hottel's Formula

&= ¢,=1 19.12 Undetermined 19.12
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3.4 Simplified formula:
For simplicity and practical purposes, one may generally neglect multiple reflections so that
(1 - 6‘1) , (1 - 52), 1- 83) , ...~ 0, without loss of much accuracy for high emissivity surfaces.

So that; B= f :Fl

] and the exact equation (46) can be simplified into;

= 4 _14), 68
Q2 el.gz.a.Al.(Tl sz F, (68)

The simplified formula (68) gives always lower values of heat flux in comparison to values given
by the exact formula (46) as shown in Table 9.

2

Table 9: Comparison of ()] < 2 (Wm™) values calculated by the Exact formula and the

Simplified one for high emissivity surfaces of an enclosure.

Emissivity Yyt 5 2 (Wm™) Exact formula IS formula Difference
£1=82= ---6‘4 (46) (69) (%)

0.7 q 29.09 23.42 -19.49

0.8 e 2 34.76 30.57 -12.05

0.9 for an equilateral triangle - 40.96 38.71 -5.49

shaped enclosure

0.7 q 20.27 15.62 -22.94

0.8 Wle2 23.89 20.39 -14.65

0.9 for a square-shaped 27.45 25.81 -5.97
enclosure

0.7 q 14.13 11.06 -21.73

0.8 Wle 2 16.75 14.44 -13.79

0.9 for a rectangular-shaped 19.55 18.28 -6.50
enclosure

If the emissivity is 0.7, simplified formula (SF) gives around 20 % lower values than the
values given by the exact formula (EF). Hence, SF can be improved in accuracy, to about -5%
lower than EF, by adding to it the reduced percentage (RP) so that: Improved SF or ISF = SF
+|RP| .SF = 1.2 SF ~EF.

Example, from Table 9 we can see that for emissivity 0.7,

RP| ~20% as an average for three
and four-surface interaction. For SF = 23.42, RP =-19.49 % so |RP| ~ 20 %, and |RP| .SF =
4.68. Thus ISF = 23.42 + 4.68 = 28.10 =Exact Formula with only -3.4 % error. From the same
table for SF = 15.62, RP =22.94 % so |RP| ~ 20 %, and RP x SF = 18.74 ~EF with only -7.5 %
error.

For surface emissivity 0.8, RP has an average value of -15 % and so ISF = 1.15 SF. If the
emissivity is 0.9, the average value for RP is -5 % and so ISF = 1.05 SF. For values of emissivity

in between we can make an interpolation or a simple average. Hence, if we make use of equation
(68), improved simplified formula (ISF) can be written as:

ISF = (1 + |RP|) Qnyi <5 2 (69)
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4. CONCLUSION

An exact analysis called "Infinite Reflection Method" has been developed in order to calculate
the radiation heat exchange between two diffuse grey-surfaces with the interaction of up to four
surfaces. This contains newly derived factors which allow for the effect of multiple reflections at
all interacting surfaces. As they were neglected by the traditional equation (1). The method is
based upon two basic concepts; the arborescent diagrams and the infinite series algebra.
Comparison of the results shows that values calculated by the I.R.M agree well with the values
calculated by the N.W.M only for surfaces forming an enclosure and if their emissivities are not
equal to 0 or 1. Hottel's formula is only valid for two surface enclosure and the use for more than
two surfaces enclosure is misleading.

The advantages of .LR.M over the existing Methods are:
e it is valid for enclosures and non enclosures for any value of surface emissivity (no
restriction when emissivity of a surface is 0 or 1),
e its simplicity for calculation because it does not requires computer and matrix algebra

implementation as does the N.W.M. The factors f> £ and f3 in equation (46) are only

calculated once and allow this equation to be linearised for its direct use,

e it allows direct calculation of net radiation exchange between each pair of surfaces from
which an effective radiation coefficient can be calculated. This simplifies linearisation of
radiative heat transfer to be used with other modes of heat transfer. This is not possible
when using N.W.M.

For high emissivity surfaces (¢= 0.7 to 1) improved simplified formula (69) can be used
without loss of much accuracy. However, the .LR.M may have some limitations in that in some
instances an analysis assuming diffuse-grey surfaces cannot yield good results. For example, if
the temperatures of the individual surfaces differ considerably from each other, then a surface
will be emitting predominantly in the range of wavelengths characteristic of its temperature while
receiving energy predominantly in a different wavelength region. The [.R.M may not be valid in
case of interference of external radiation.

NOMENCLATURE
A Area of the surface, (m?) Greek symbols
CR  Common ratio £ Emissivity of the surface
F View factor a Absorptivity of the surface
Qi Heat loss or gain at surface i, (W) o Stefan-Boltzmann's constant equals to
T Absolute temperature, (K) 5.67 10° (Wm K™
hi Radiation heat transfer coefficient between surface 1 and 2, (Wm’zK'l)
qi Heat loss or gain per unit area at surface i, (W m" 2 )
Ui > § Net radiation heat exchange per unit area between surface 1 and 2 due to the interaction
n)i <> j
of n surfaces, Wm™
Qjj Fraction of radiation leaving surface i which arrives at surface j, (W)
Q( o Net radiation heat exchange between surface 1 and 2 due to the interaction of n
n)i < j

surfaces(W)
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